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Abstract
We consider a superradiance effect around rotating dilatonic black holes. We an-
alyze two cases: one is an exact solution with the coupling constant α =
√
3, which
effective action is reduced from the 5-dimensional Kaluza-Klein theory, and the other
is a slowly rotating dilatonic black holes with arbitrary coupling constant. We find
that there exists a critical value (α ∼ 1), which is predicted from a superstring model,
and the superradiant emission rate with coupling larger than the critical value becomes
much higher than the Kerr-Newman case (α = 0) in the maximally charged limit. Con-
sequently, 4-dimensional primordial black holes in higher dimensional unified theories
are either rotating but almost neutral or charged but effectively non-rotating.
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1 Introduction
In unified theories of fundamental interactions, a dilaton field usually appears and couples
to other known matter field. It may play some important role in the history of the early
universe or in astrophysics. It may also provide us a window to see some evidence of higher-
dimensional unification. The coupling constant of the dilaton field depends on the dimension
of an internal space and a unification theory. Therefore it is important to see an effect of the
coupling on observable phenomena and to investigate a dependence of the coupling constant.
In the Einstein-Maxwell-dilaton theory, which action is described as
S =
1
16pi
∫
d4x
√−g
[
R − 2 (∇φ)2 − e−2αφF 2
]
, (1)
electrically (or magnetically) charged non-rotating black hole[1] shows very interesting ther-
modynamical properties depending on a coupling constant α of a dilaton field φ. (We adopt
the units of c = h¯ = G = 1.) Remind that the case of α = 0 corresponds to the Einstein-
Maxwell theory, in which the Reissner-Nordstro¨m solution is a unique spherically symmetric
black hole. If α < 1, the thermodynamical property is similar to the Reissner-Nordstro¨m
black hole, namely, its Hawking temperature vanishes in the limit of extremely charged hole.
When we consider a superstring theory (α = 1), its temperature in the extreme limit be-
comes non-zero and finite, while it diverges in the case of α > 1. The last case includes the
5-dimensional Kaluza-Klein theory, where α =
√
3. This property of dilatonic black holes
indicates that the Hawking radiation may be drastically affected by the coupling constant.
Shiraishi[2] also discussed a discharge process by the superradiant modes for non-rotating
dilatonic black holes. Although he could not present a definite conclusion because of his
analytic WKB approach, his analysis suggests that there is a critical value of the coupling
constant. Below the critical value, the superradiant effect is similar to that of the Reissner-
Nordstro¨m black hole, while it changes qualitatively beyond that value, i.e., as the coupling
constant increases, the discharge proceeds very rapidly.
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In this letter, we study the rotating black holes and investigate the effect of dilaton field
on the superradiance. We also look for whether there is a critical value beyond which the
property changes qualitatively.
One difficulty in our study is that we do not know the exact solutions of rotating black
holes except for two cases: α = 0 (Kerr-Newman) and α =
√
3. The latter is the 4-
dimensional rotating black hole solution in the 5-dimensional Kaluza-Klein theory derived
by Frolov et al [3]. We call it the Kaluza-Klein black hole. We have, however, the approx-
imate solutions of slowly rotating black holes with arbitrary coupling constant, which were
found by Horne and Horowitz [4], and by Shiraishi[5].
Here, we use these two exact solutions and the approximate solutions to analyze superra-
diance around rotating dilatonic black holes. We assume a charge of a black hole is conserved
(it is true for a central charge), and then consider only a massless neutral scalar particle.
2 Superradiance around Kaluza-Klein Black Hole
Before showing the calculations of superradiance and spontaneous emission rate, we have
to mention the rotating Kaluza-Klein black hole solution[3]. It is given by
ds2 = −∆− a
2 sin2 θ
BΣ
dt2 − 2a sin2 θ 1√
1− v2
Z
B
dtdϕ
+
[
B
(
r2 + a2
)
+ a2 sin2 θ
Z
B
]
sin2 θ dϕ2 +
BΣ
∆
dr2 +BΣ dθ2
At =
v
2 (1− v2)
Z
B2
, Aϕ = −a sin2 θ v
2
√
1− v2
Z
B2
, φ = −
√
3
2
lnB (2)
where, ∆, Σ, Z and B are functions of r and θ, and given by,
∆ = r2 − 2µr + a2, Σ = r2 + a2 cos2 θ, Z = 2µr
Σ
, B =
(
1 +
v2Z
1− v2
) 1
2
. (3)
The mass M , the electric charge Q and the angular momentum J of black hole are obtained
by the parameters v (|v| < 1) , µ and a as,
M = µ
[
1 +
v2
2(1− v2)
]
, Q =
µv
1− v2 , J =
µa√
1− v2 . (4)
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Here we assume J is positive without loss of generality. The horizon radius rH is given by,
rH = µ+
√
µ2 − a2, (µ2 ≥ a2) (5)
This black hole has three independent global hairs, that is, the mass M , the charge Q and
the angular momentum J . When Q = 0, it reduces to the Kerr black hole, while the solution
with J = 0 corresponds to the non-rotating dilatonic black hole [1] with the coupling constant
α =
√
3. The condition of µ2 ≥ a2 for the horizon to exist is rewritten as
(
J
M2
)2
≤ 1
4

2− 10(Q
M
)2
−
(
Q
M
)4
+ 2
(
1 + 2
(
Q
M
)2)3/2 . (6)
(see Fig. 1). It should be noticed here that the solution with |Q| = 2M (and J = 0) is not
a black hole solution because a naked singularity appears, as is pointed out in [1, 6].
The angular velocity ΩH of this black hole is
ΩH =
a
√
1− v2
r2
H
+ a2
, (7)
which shows an interesting feature near |Q| = 2M , similar to that of the black-hole temperature[1].
When J = 0, obviously ΩH vanishes. While, if J 6= 0, ΩH → ∞ in the limit of |Q| → 2M
(J → 0). It is discontinuous at |Q| = 2M . Although |Q| = 2M is not the black hole solution,
the solution with |Q| <∼ 2M represents a rapidly spinning black hole.
Now we discuss a superradiance. We consider a massless neutral scalar field Φ, de-
scribed by the Klein-Gordon equation
Φ = 0 . (8)
In the background fields of the rotating Kaluza-Klein black hole, we can separate variables.
The spheroidal equation is written in the same form as the Kerr-Newman case, setting
Φ =
χ(r)
R(r)
S (θ) eimϕe−iωt (9)
3
where
R2(r) ≡ BΣ|θ=0 = (r2 + a2)
(
1 +
v2
1− v2
2µr
r2 + a2
) 1
2
. (10)
We perform a coordinate transformation from r to r∗
dr∗ =
R2(r)
∆(r)
dr, (11)
to get the radial equation in a usual form as
[
d2
dr∗2
+
(
ω2 −mΩ(r)
)2 − V 2(r)
]
χ (r∗) = 0, (12)
where
Ω(r) ≡ a√
1− v2
2µr
R4(r)
(13)
V 2(r) ≡ ∆(r)
R2(r)
{
λ
R2(r)
+
1
R(r)
d
dr
[
∆(r)
R2(r)
dR(r)
dr
]
− m
2a2
R6(r)
[
r2 + a2 +
2µr
1− v2
]}
(14)
The eigenvalue λ of the spheroidal equation for the angular function S(θ) is obtained
perturbatively [7] as
λ = l(l + 1) + λ2(l, m)a
2ω2 + λ4(l, m)a
4ω4 +O
(
a6ω6
)
. (15)
where λ2 and λ4 are some known functions of l and m, and λ2(1, 1) = 4/5 and λ2(1, 1) =
−4/875. To see that this expansion is sufficiently powerful to calculate λ, for example, we
can point out the fact that aω ≤ 0.5 for the present model with m = 1, which equality
happens in the extremely rotating case (in the Kerr limit).
From Eq. (12), we find that a superradiance occurs for 0 < ω < ΩH . When we quantize
a field, we naturally expect spontaneous emission for the superradiant modes, by which a
rotating black hole loses the energy and angular momentum[8]. The rates of the spontaneous
emission for a scalar field is calculated by the formulae
dM
dt
= − 1
2pi
∑
l,m
∫ mΩH
0
ω
(
|A|2 − 1
)
dω,
dJ
dt
= − 1
2pi
∑
l,m
∫ mΩH
0
m
(
|A|2 − 1
)
dω. (16)
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where |A|2 is a reflection coefficient of scalar wave described by Eq.(12) .
In what follow, we assume the charge of the black hole is positive (v ≥ 0) without loss of
generality. We consider a process in which a charge of the black hole is conserved. We will
show our numerical results only for l = m = 1 mode which is the most dominant.
Remind that a highly rotating case is similar to the Kerr black hole. Hence we shall
restrict our analysis mainly into a highly charged case ( Q <∼ 2M). The result of the Kaluza-
Klein black hole (α =
√
3) is shown in Fig.2 for J = 0.01M2 with the Kerr-Newman case
(α = 0) to see the effect of the dilaton coupling. In the Kerr-Newman case, both energy and
angular momentum emission rates first increase when the charge of the black hole becomes
large, and then they drop to small values near the extreme hole. On the other hand, both
rates in the Kaluza-Klein black hole always increase and seem to diverge to infinity in the
limit of the maximal black hole. Therefore, we may conclude that the superradiant emission
is affected very much by the dilaton coupling, and the emission rates in the Kaluza-Klein
black hole are much higher than the Kerr-Newman case, in particular in the extreme limit.
3 Superradiance around Slowly Rotating Black Holes
Next, we analyze a dependence of the emission rates on the coupling constant α. To see
this, we consider the slowly rotating solution. This solution is described as [4],[5]
ds2 = − ∆(r˜)
R2(r˜)
dt2 +
R2(r˜)
∆(r˜)
dr˜2 +R2(r˜)(dθ2 + sin2 θdϕ2)− 2af(r˜) sin2 θdtdϕ
At =
Q
r˜
, Aϕ = −a sin2 θQ
r˜
, φ =
α
1 + α2
ln
(
1− r˜−
r˜
)
. (17)
where we introduced new radial coordinate r˜ by a transformation, r = r˜ − r˜−, and
∆(r˜) = (r˜ − r˜+) (r˜ − r˜−) , R(r˜) = r˜
(
1− r˜−
r˜
)α2/(1+α2)
f(r˜) =
(1 + α2)
2
(1− α2) (1− 3α2)
(
r˜
r˜−
)2 (
1− r˜−
r˜
)2α2/(1+α2)
−

1 + (1 + α2)2
(1− α2) (1− 3α2)
(
r˜
r˜−
)2
+
1 + α2
(1− α2)
(
r˜
r˜−
)
− r˜+
r˜

(1− r˜−
r˜
)(1−α2)/(1+α2)
(18)
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with
r˜± =
(1 + α2)(M ±
√
M2 − (1− α2)Q2)
(1± α2) , a =
2(1 + α2)J
(1 + α2)r˜+ + (1− α2/3)r˜− . (19)
This solution is valid only when a is sufficiently small. Although f(r˜) seems to diverge at
α = 1/
√
3, α = 1 and r˜− = 0, f(r˜) approaches a finite limiting value exists at each point.
The angular velocity ΩH of this solution diverges for α ≥ 1/
√
3 in the maximally charged
limit, but vanishes for α < 1/
√
3. There seems to exist a critical value of the coupling
constant, beyond which we expect that the superradiant phenomena would change drastically
(see §. 2). Since the maximally charged limit is no longer valid in the present approximation,
α = 1/
√
3 may not be this critical value. However, from the analysis of slowly rotating black
holes we may still find some qualitative difference in the superradiant phenomena for a large
coupling constant as we shall see now.
In this approximate solution, we can write down the radial part of the Klein-Gordon
equation as [
d2
dr∗2
+ (ω −mΩ(r˜))2 − V 2(r˜)
]
χ(r∗) = 0 (20)
where
Ω(r˜) ≡ af(r˜)
R2(r˜)
, (21)
V 2(r˜) ≡ ∆(r˜)
R2(r˜)
[
l(l + 1)
R2(r˜)
+
1
R(r˜)
d
dr˜
(
∆(r˜)
R2(r˜)
dR(r˜)
dr˜
)]
, (22)
and r∗ is defined by
dr∗ =
R2(r˜)
∆(r˜)
dr˜, (23)
Fixing the small angular momentum J = 0.01M2, we change the charge Q. We have
analyzed for α = 0.5, 0.9, 1.1, 1.5, and 2.0 in addition to the cases of α = 0, and
√
3, which
were already analyzed in §.2 but are included in the present calculations to see the accuracy
of the present approximation. The results of the numerical calculations are shown in Fig.3.
This calculation shows that when we increase the coupling constant, the superradiant
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emission rates are enhanced. In particular, for sufficiently large α, they diverge in the max-
imally charged limit, although they seem to approach to a finite value for the small α case.
There seems to be a critical value of the coupling constant, below which the emission rates
are similar to the Kerr-Newman case, while beyond which they diverge in the maximally
charged limit. Although the present solution we used is only valid for a slowly rotating
limit, the comparison of the results with the exact solutions of α = 0, and
√
3 suggests
that we may extrapolate the present analysis to the case of rather highly charged black hole
for which one may expect the present approximation is broken down. From the figure, we
find that there is a big change near α ∼ 1 in the behavior of the emission rates, which is
consistent with the previous analysis in §. 2. We can speculate that the critical value is 1,
which is reduced from a superstring model, as in the case of black-hole temperature[1].
4 Discussion
Here we shall discuss an evolution of rotating dilatonic black holes created in nearly
extreme states. If a black hole has small charge initially, the effect of the dilaton coupling
is small because the dilatonic black hole in the limit of Q → 0 always approaches the Kerr
solution. On the other hand, if we consider a highly charged black hole, the black hole with
larger coupling constant α than the critical value α ∼ 1 will lose their angular momentum
much faster than the black hole with small α. For example, the Kaluza-Klein black hole loses
a half of its initial angular momentum by the factor 10−10 shorter than the Kerr-Newman
does. (see Fig. 2).
As for the dependence of coupling constant, we may conclude that there is a critical value
below and beyond which the qualitative behavior in the superradiance changes drastically.
The critical value would be unity, which is reduced from a superstring model.
In this paper, we have considered only the case of conserved charge. If a discharge process
exists, black holes with any α will approach quickly to the Kerr solution, as is pointed out
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in the Kerr-Newman case [10]. Shiraishi [2] also pointed out that a nonrotating black hole
with larger α will lose its charge faster than that with small α. Therefore we expect that
total emission of energy of black hole with larger α is larger initially. But eventually, the
difference will get much smaller after some evolution.
The contribution from the Hawking thermal radiation may become more important than
the superradiant effect during the evolution, because the temperature of black hole with
large α is greater than that with small α and it diverges in the maximally charged limit.
If it is the case, our conclusion in this paper would be changed. As Holzhey and Wilczek
[9] pointed out, however, the Hawking radiation may not be so important if the coupling
constant is larger than the critical value, because the potential barrier get very large in the
maximally charged limit and may prevent particles from passing through it from the horizon
to infinity. This is now under investigation by numerical calculation.
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Figure Captions
Fig. 1: The ranges of the angular momentum J/M2 and the charge Q/M for event
horizons to exist in (1) the Kerr-Newman and (2) the Kaluza-Klein black holes.
Fig. 2: Comparison of the superradiant emission rates of the Kaluza-Klein black holes
with those of the Kerr-Newman black holes, fixing the angular momentum J =
0.01M2: (1) and (2) are the emission rates of energy and angular momentum
for the Kaluza-Klein black hole, respectively, while (3) and (4) are the same
for the Kerr-Newman black hole.
Fig. 3: Superradiant emission rate of the energy (a) and the angular momentum (b)
for a slowly rotating black holes with (1) α = 0 (the result by the exact solution
is denoted by the circles), (2) α = 0.5, (3) α = 0.9, (4) α = 1.1, (5) α = 1.5, (6)
α =
√
3 (the result by the exact solution is denoted by the triangles) , and (7)
α = 2.0. The charge is normalized by the maximal value Qmax =
√
1 + α2M .
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